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Abstract

Given a graph G = (V (G), E(G)), a nonempty set S ⊆ V (G) of fixed cardinality γ(G)− k is called a ζk − set
of G, where 1 ≤ k ≤ γ(G)−1, if S gives the minimum cardinality |V (G)\NG[S]| for all the possible subsets of
V (G), each of which has γ(G)−k elements. This is the number of vertices in G which are left undominated by
S. In this paper, the k-domination defects of graphs resulting from the binary operation edge corona G�H are
characterized and as a direct consequence, the corresponding k-domination defect ζk(G�H) is then determined.
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1 Introduction

Consider a graph G = (V (G), E(G)). For every vertex x ∈ V (G), the set NG(x) = {y ∈ V (G)| xy ∈ E(G)} is
known as the open neigborhood of x in G, while the set NG[x] = NG(x) ∪ {x} is called the closed neigborhood
of x in G. For a nonempty set S ⊆ V (G), the sets NG(S) = ∪x∈SNG(x) and NG[S] = NG(S) ∪ S are the open
neigborhood of S in G and the closed neigborhood of S in G, respectively.

A dominating set of a graph G is a nonempty set S ⊆ V (G) that produces NG[S] = V (G). The domination
number of G, denoted by γ(G), is the minimum cardinality of a dominating set in G. Due to the minimality
of γ(G), if a set W of vertices in G has cardinality |W | < γ(G), then there is at least one vertex in G which
is not dominated by W . It is in this notion that Das and Desormeaux [1] introduced in 2018 the concept of
k-domination defect of a graph, which was explored by [2] in 2021 on graphs resulting from the join and vertex
corona products of two graphs. Further, the domination defect of some parameterized families of graphs was
also investigated by [3] in 2022.

Let G be a specific graph of order n with γ(G) ≥ 2 and let 1 ≤ k < γ(G). Let S ⊆ V (G) be a nonempty set with
cardinality |S| = γ(G)−k. The k-defect of S is ζk(S) = |V (G)\NG[S]| = n−|NG[S]|. The minimum cardinality
of the set V (G)\NG[W ] for such a set W ⊆ V (G) with |W | = γ(G)−k is called the k−domination defect of G,
denoted by ζk(G). A set S ⊆ V (G) of cardinality γ(G)− k for which |V (G) \NG[S]| = ζk(G) is called a ζk − set
of G. We emphasize without explicitly saying that if G is a graph with γ(G) ≥ 2 and S ⊆ V (G) is a ζk-set
of G, where 1 ≤ k < γ(G), then |S| = γ(G)−k such that |NG[S]| = max{|NG[W ]| : W ⊆ V (G), |W | = γ(G)−k}.

As discussed in [1] and [2], the concept of k-domination defect of a graph allows us to study the vulnerability of
a facility if it would be guarded with fewer than the minimum number of necessary guards. In this paper, we
extend our investigation of the concept to the binary operation edge corona G �H of a connected graph G and
any graph H. It is our present goal to characterize the domination defect sets of these resulting graph, similar
to the works in [4] and [5]. As a consequence, the domination defect number of said graphs will be obtained,
reminiscent of the studies in [6] and [7].

The binary operation considered here is the edge corona of two graphs. The edge corona, a variation of the
corona product, was introduced in 2010 by Hou and Shiu [8] where the spectrum and the number of spanning
trees were studied. This graph product is non-commutative in nature. All graphs considered here are in the
context of being finite, undirected, and simple graphs. For other graph theoretic terminologies not defined in
this paper, the appropriate definitions in the book of Chartrand, Lesniak, and Zhang [9] are used.

2 Main Results

The edge corona of two graphs G and H on disjoint sets of m and n vertices, p and q edges, respectively, is
defined in [8] as the graph obtained by taking one copy of G and p copies of H, and then joining two end-vertices
of the i − th edge of G to every vertex in the i − th copy of H. This binary operation is denoted by G � H.
The edge corona of G and H has m + pn vertices and p + 2pn + pq edges. As discussed in [10], if ab ∈ E(G),
then the copy H whose vertices are connected one by one to both a and b in G �H is called the ab− copy of H
and is denoted by Hab. If V (H) = {v1, v2, ..., vn}, then the vertices of Hab may be denoted by vab1 , v

ab
2 , ..., v

ab
n .

Observe that 〈{a, b} ∪ V (Hab)〉G�H ∼= P2 + H. Figure 1 provides an illustration of the edge corona operation
G �H, where G is the cycle graph C4 and H is the path P3.

From the above definition, it is straightforward to see that if a graph G is a star and H is any graph, then
γ(G �H) = 1. To avoid triviality, we only consider connected graph G which is not a star for the edge corona
G �H.
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Fig. 1. The cycle C4, path P3, and the edge corona C4 � P3

In this section, we recall the concept of a vertex cover of a graph G, together with some known results on the
γ-set and domination number of G �H, where a γ − set of a graph is a particular dominating set of that graph
whose cardinality is equal to the domination number of the graph. These are briefly presented below.

A vertex cover of a graph G is a set S of vertices of G such that each edge of G is incident to at least one vertex
in S. The minimum cardinality of such a set is the vertex covering number of G and is denoted by β(G). Any
vertex cover of G of cardinality equal to β(G) is called a β − set of G. Note that if a set S is a β − set of G,
then every vertex v ∈ G \ S is adjacent to at least one vertex in S. We present this simple observation in the
following lemma.

Lemma 2.1. Let G be a connected nontrivial graph which is not a spanning star. If a set S ⊆ V (G) is a vertex
covering of G, then S is also a dominating set of G. As a consequence, γ(G) ≤ β(G).

Theorem 2.2. [11] Suppose G is a connected graph with m edges and H be any graph. Then D ⊆ V (G �H) is
a dominating set of V (G �H) if and only if V (ei +H) ∩D is a dominating set of ei +H for every ei ∈ E(G).

Theorem 2.3. [11] Let G be a connected graph and H an arbitrary graph. Then γ(G �H) = β(G).

We note that if D = V (G), then D is a dominating set of G �H. A slightly stronger claim is presented in the
lemma that follows.

Lemma 2.4. Let G be a connected graph of order m ≥ 3 and H be any graph of order n. Then G �H contains
a γ − set D such that D ( V (G).

Proof. Let D be a β − set of G. Clearly, D ( V (G). To show that D is a dominating set of G � H, let
x ∈ V (G �H) \D.

Case 1. Suppose x ∈ V (G) \D. Since D is a vertex cover of G, where G is connected and nontrivial, it follows
that x is adjacent to at least one vertex y ∈ D.

Case 2. Let x ∈ V (Hab) for some ab ∈ E(G). Since D is a β − set of G, it follows that either a ∈ D or b ∈ D.
Since x is adjacent to both a and b in G �H, it follows also that x is adjacent to at least one vertex of D.

Combining the two cases results to the conclusion that D is a dominating set of G �H. Using Theorem 2.3, we
can see that D is now a γ − set of G �H.

�
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Theorem 2.5. Let G be a graph of order m ≥ 3 and let H be any graph of order n. If k = 1, 2, ..., β(G)− 1},
then ζk(G �H) ≥ kn.

Proof. Let S ⊆ V (G�H) with |S| = γ(G�H)−k = β(G)−k, k = 1, 2, ..., β(G)−1, be a ζk−set of G�H. From
the definition, ζk(G �H) = |V (G �H) \ NG�H [S]. Since G is connected, G has at least m − 1 edges. Further,
every vertex v ∈ S has at least one neighbor in G and has at least n neighbors in a copy of H. Hence, it follows
that

ζk(G �H) = |V (G �H) \NG�H [S]| ≥ m+ (m− 1)n− |NG�H [S]|
≥ m+mn− n− (2|S|+ n|S|)
≥ m+mn− n− (2 + n)(β(G)− k)

≥ m+mn− n− 2β(G) + 2k − nβ(G) + kn

≥ m+ 2k − 2β(G) + n(m− 1− β(G)) + kn

Since k > 0 and β(G) ≤ dm
2
e, we have m + 2k − 2β(G) ≥ 0. Moreover, β(G) cannot exceed m − 1; thus,

n(m− 1− β(G)) ≥ 0. Therefore, ζk(G �H) ≥ kn. �

Lemma 2.6. Let G be a connected graph of order m ≥ 3 and let H be any graph of order n. Let k =
1, 2, ..., β(G)− 1. Then G �H contains a ζk − set S such that S ⊆ V (G).

Proof. The reasoning for the proof here is very similar to that of Lemma 2.4. �

The characterization of the k-domination defect sets of the edge corona of two graphs G and H follows below.
Here, we define ES(G) to be the set of edges in G which are covered by S ⊆ V (G). The maximum cardinality
of such set is denoted by p′.

Theorem 2.7. Let G be a connected graph of order m ≥ 3, with |E(G)| = p, and let H be any graph of order
n with |E(H)| = q. For k = 1, 2, ...β(G) − 1, let S ⊆ V (G) be a ζk-set of G � H. If |ES(G)| = p′, then the
maximum cardinality of the closed neighborhood for such a set S in G �H is given by:

|NG�H [S]| =

{
m+ p′n, if |S| = γ(G), γ(G) + 1, ..., β(G)− 1;

m− ζr(G) + p′n, where r = γ(G)− (β(G)− k), if |S| = 1, 2, ..., γ(G)− 1.

Proof. Let G and H be graphs with orders and sizes as described above. Let S ⊆ V (G) be a ζk− set of (G�H).
Then |N(G�H [S]| = max{|NG�H [W ]| : W ⊆ V (G), |W | = β(G) − k}. We consider the following 2 cases for the
value of |S|:

Case 1. Suppose |S| = γ(G), γ(G)+1, ..., β(G)−1. In this case, β(G) ≥ γ(G). Now, |NG�H [S]| = |NG[S]
⋃

ab∈E(G) V (Hab)|
for some ab ∈ E(G). Clearly, NG[S] and V (Hab) are disjoint sets. Noting that |S| ≥ γ(G), |V (Hab)| = n and
|ES(G)| = p′ is the maximum number of edges in G which are covered by S, it follows that

|NG�H [S] = |NG[S] ∪ab∈E(G) V (Hab)|

= |V (G)|+ Σab∈E(G)|V (Hab)|
= m+ p′n.

Case 2. Suppose |S| = 1, 2, ..., γ(G)− 1. Then NG[S] ( V (G). Since S ⊆ V (G) is a ζk − set of G �H, it follows
that |NG[S]| is maximum among the subsets Z ⊆ V (G), |Z| = γ(G) − r, where r = 1, 2, ..., γ(G) − 1. Further,
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recall that ζr(G) = m− |NG[S]|; hence we have

|NG�H [S] = |NG[S] ∪ab∈E(G) V (Hab)|

= |NG[S]|+ Σab∈E(G)|V (Hab)|
= |NG[S]|+ p′n

= m− ζr(G) + p′n.

�

Theorem 2.8. Let G be a connected graph of order m ≥ 3 and let H be any graph of order n. A set S ⊆ V (G)
of cardinality β(G)− k, where k = 1, 2, ..., β(G)− 1, is a ζk-set of G �H if and only if |ES(G)| = p′ and exactly
one of the following holds:

(i) S is a dominating set of G, where |S| = γ(G), γ(G) + 1, ..., β(G)− 1;

(ii) S is a ζr − set of G, r = γ(G)− (β(G)− k), where |S| = 1, 2, ..., γ(G)− 1.

Proof. Let S ⊆ V (G) of cardinality β(G) − k, where k = 1, 2, ..., β(G) − 1, be a ζk-set of G � H. This means
that |NG�H [S]| is maximum among the W ⊆ V (G � H), |W | = 1, 2, ..., β(G) − 1, where k = 1, 2, ..., β(G) − 1.
We consider two cases for the value of |S|:

Case 1. Suppose |S| = γ(G), γ(G) + 1, ..., β(G)− 1. By assumption, S is a ζk− set of G �H. The maximality of
|NG�H [S]| implies that |ES(G)| = p′ is also maximum in G. Moreover, the fact that S ⊆ V (G) with |S| ≥ γ(G),
it follows that NG[S] = V (G). Hence, S is a dominating set of G. The converse is straightforward noting that
|NG[S]| = |V (G)| = m and |ES(G)| = p′ is the maximum number of edges in G which are covered by S.

Case 2. Suppose |S| = 1, 2, ..., γ(G)− 1. Since S ⊆ V (G) is a ζk − set of G �H, then |ES(G)| = p′ and NS [G]
is maximum among the subsets Z ⊆ V (G), |Z| = γ(G)− r, where r = 1, 2, ..., γ(G)− 1. Hence, S is a ζr − set
of G. The converse is also straightforward.

�

Corollary 2.9. Let G be a graph of order m ≥ 3 and let H be any graph of order n. Then,

ζk(G �H) =

n(p− p′), if k ∈ {1, 2, ..., β(G)− γ(G)};
n(p− p′) + ζr(G), if k ∈ {β(G) − γ(G) + 1, β(G) − γ(G) + 2, ..., β(G) − 1}, with r =

γ(G)− (β(G)− k).

Proof. Suppose S ⊆ V (G) is a ζk − set of G � H and let |ES(G)| = p′. By definition, ζk(G � H) = |V (G �
H)|−|NG�H [S]| = (m+pn)−|NG[S]∪ab∈E(G)V (Hab)| = (m+pn)−|NG[S]−p′n|. We consider the following cases:

Case 1. Suppose k ∈ {1, 2, ..., β(G) − γ(G)}. Then |S| = γ(G), γ(G) + 1, ..., β(G) − 1. By Theorem 2.7,
|NG�H [S]| = m+ p′n. Hence,

ζk(G �H) = (m+ pn)− |NG�H [S]|
= (m+ pn)− (m+ p′n)

= n(p− p′).
Case 2. Suppose k ∈ {β(G) − γ(G) + 1, β(G) − γ(G) + 2, ..., β(G) − 1}. Then, |S| = 1, 2, ..., γ(G) − 1. By
Theorem 2.7, |NG�H [S]| = m− ζr(G) + p′n. In this case,

ζk(G �H) = (m+ pn)− |NG�H [S]|
= (m+ pn)− (m− ζr(G) + p′n)

= n(p− p′) + ζr(G).

�
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3 Conclusion

In this paper, the k-domination defect of graphs resulting from the binary operation edge corona is investigated.
The ζk − sets of the edge corona G � H are characterized and, as a direct consequence, the corresponding k-
domination defect ζk(G�H) is then determined. This particular research endeavor is reminiscent to the direction
pursued in [12], [13], [14], [15], and [16]. It is our hope that the generated results here can be of use to others
when dealing with more complex graphs and other graph operations.
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